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Abstract
Let (Xn,t)
∞
t=1 be a stationary absolutely regular sequence of real
random variables with the distribution dependent on the number n.
The paper presents sufficient conditions for the asymptotic normality
(for n → ∞ and common centering and normalization) of the distri-
bution of the nonhomogeneous U -statistic of order r which is given on
the sequence Xn,1, . . . ,Xn,n with a kernel also dependent on n. The
same results for V -statistics also hold. To analyze sums of dependent
random variables with rare strong dependencies, the proof uses the
approach that was proposed by S. Janson in 1988 and upgraded by
V. Mikhailov in 1991 and M. Tikhomirova and V. Chistyakov in 2015.
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Key words: absolute regularity condition, characterizing graph, cen-
tral limit theorem, dependency graph, U -statistic, V -statistic, stationary se-
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Introduction
The study of a special class of functionals of a sequence of random variables
X1, . . . , Xn of the form
Uˆn =
1
Cmn
∑
1≤i1<...<im≤n
f(Xi1, . . . , Xim), (1)
∗Steklov Mathematical Institute of Russian Academy of Sciences, Moscow, Russia
†Bauman Moscow State Technical University, Moscow, Russia
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which were called U-statistics, began in the middle of the last century due to
the investigation of the properties of sample characteristics (see [1] and the
bibliography therein). The number m is the order and symmetrical function
f(x1, . . . , xm) is the kernel of U -statistic. Examples of U -statistics are sample
moments, Gini’s mean difference, Spearman’s rank correlation, etc.
It is known that such variables as the number of repetitions and the
number of repetitions of tuples [2]–[5], the number of pairs of H-equivalent
tuples [6]–[11], etc., in the random discrete sequence X1, . . . , Xn belong (up
to of the factor before the sum) to a class of quantities of the form (1).
In the following decades, a large number of research papers appeared de-
voted to the asymptotic properties of U -statistics of sequences of independent
identically distributed random variables (see, e.g., the bibliography in [12]).
In proving asymptotic normality in the case of increasing sums, W. Hoeffd-
ing [1] proposed a method for approximating the distribution of U -statistic
by distribution of the sum of specially constructed independent random vari-
ables. This approach, in different forms, is also used to study U -statistics of
sequences of random variables with conditions of weak or other dependence
in the scheme of increasing sums (see, e.g., [13]–[16]).
The idea of the results of these papers is given by the following theorem
of K. Yoshihara [13] which we present in a simplified form.
Let (Xn)
∞
n=1 for every n = 1, 2, . . . be a strictly stationary sequence of
real random variables satisfying the absolute regularity condition [17, p. 3]
β(n) = E
{
sup
A∈F∞n
∣∣P{A|F0−∞} −P{A}∣∣
}
↓ 0, n→∞, (2)
where F ba is the σ-algebra of events generated by the random variables
Xa, . . . , Xb.
Let
θ = Ef(X˜1, . . . , X˜m), f1(x) = Ef(x, X˜2, . . . , X˜m),
where X˜1, . . . , X˜m are independent copies of X1,
σ2 =
(
Ef 21 (X1)− θ2
)
+ 2
∞∑
t=1
(
E(f1(X1)f1(Xt+1))− θ2
)
.
Theorem 1 (Theorem 1 of [13]). Let n → ∞ and there is a number δ > 0
such that
E
∣∣∣f(X˜1, . . . , X˜m)∣∣∣2+δ ≤M0 <∞,
E |f(Xi1, . . . , Xim)|2+δ ≤M0 <∞ ∀ 1 ≤ i1 < . . . im ≤ n,
β(n) = O
(
n−(2+δ
′)/δ′
)
for some δ′, 0 < δ′ < δ.
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Then, if σ2 > 0 holds, the distribution function of the random variable√
n
mσ
(Uˆn − θ) converges to the distribution function of the standard normal
law.
The research paper [18](see also [19, 20]) was devoted to adaptation the
results of K. Yoshihara to triangular array schemes. Sh. Khashimov in [18]
considered the case of second-order U -statistic whose kernel f(x1, x2) =
fn(x1, x2) can change for n → ∞. Again, the method of W. Hoeffding [1]
was used.
The method of moments was no less promising for studying U -statistics in
the triangular array scheme for dependent random variables. Back in 1975,
V. Mikhailov [21], using the direct application of this method, derived suffi-
cient conditions for asymptotic normality for a special case of U -statistics of a
sequence of finitely dependent random variables in a triangular array scheme
(let’s call it the wide triangular array scheme), where for n → ∞ changes
are allowed both to the kernel fn(x1, . . . , xm) and the distribution of the se-
quence Xn,1, Xn,2, . . . (now in the notation we have to indicate dependence
of the kernel and distribution on n).
A modern variation of the method of moments which was proposed
by Svante Janson [22, 23] and upgraded by V. Mikhailov in [23] and by
M. Tikhomirova and V. Chistyakov in [24] allows to obtain simpler and sub-
stantially more general sufficient conditions for the asymptotic normality of
U - and V -statistics of any order of a sequence of random variables satisfying
the absolute regularity condition in the wide triangular array scheme which
we present in this paper. These results complement the results of K. Yoshi-
hara [13] and V. Mikhailov [21].
It also should be noted that for problems related to tuples in a discrete
random sequence (see, e.g., [8, 9, 25, 26]), the present results allow to con-
sider the case of simultaneous consistent growth of the length of the random
sequence n and the length of the tuple s to infinity. A separate work is
supposed to be devoted to these applications.
1 Limit Theorems
Let (Xn,t)
∞
t=1 for every n = 1, 2, . . . be a strictly stationary sequence
of real random variables (e.g., the joint probability distribution function
of (Xn,tk+τ )
m
k=1 is equal to the joint probability distribution function of
(Xn,tk)
m
k=1 for all τ, t1, . . . , tm = 1, 2, . . . ,∞ and all m ≥ 1) satisfying the
absolute regularity condition (2).
Let fn;j1,...,jr : R
r → R be a bounded measurable function for every n ≥ 1
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and 1 ≤ j1 < . . . < jr ≤ n :
|fn;j1,...,jr(xj1 , . . . , xjr)| ≤ Fn <∞.
The functionals called the nonhomogeneous U-statistic and V -statistic
with the kernel fn;j1,...,jr are given by the formulas (the definitions are given
in [1] or [12]):
Un = Un(Xn,1, . . . , Xn,n) =
∑
1≤j1<...<jr≤n
fn;j1,...,jr(Xn,j1, . . . , Xn,jr), (3)
Vn = Vn(Xn,1, . . . , Xn,n) =
n∑
j1,...,jr=1
fn;j1,...,jr(Xn,j1, . . . , Xn,jr), (4)
respectively (in contrast to the traditional definition (1), the factors 1/Crn
and 1/nr are omitted before the sums).
Let
U∗n =
Un − EUn√
DUn
, V ∗n =
Vn − EVn√
DVn
.
Theorem 2. Let (Xn,t)
∞
t=1 for every n = 1, 2, . . . be a strictly stationary
sequence of real random variables satisfying the absolute regularity condi-
tion (2). For n → ∞, let the distribution of (Xn,t)∞t=1, the measurable (for
every n ≥ 1) function family {fn;j1,...,jr , 1 ≤ j1 < . . . < jr ≤ n}, the number
mn and the other parameters marked by index n vary so that b0 ∈ (0, 2/3]
exists such that for every natural number R and all b ∈ (0, b0]
F 2nm
2−b
n n
2(r−1)+br4−2b
DUn
+
(
βn(mn)
)bF 2nn2r
DUn
→ 0. (5)
Then the moments and distribution function of the random variable U∗n con-
verge to the moments and distribution function of the standard normal law.
A similar statement holds for V -statistics.
Theorem 3. Let (Xn,t)
∞
t=1 for every n = 1, 2, . . . be a strictly stationary
sequence of real random variables satisfying the absolute regularity condi-
tion (2). For n → ∞, let the distribution of (Xn,t)∞t=1, the measurable (for
every n ≥ 1) function family {fn;j1,...,jr , 1 ≤ j1 < . . . < jr ≤ n}, the number
mn and the other parameters marked by index n vary so that b0 ∈ (0, 2/3]
exists such that for every natural number R and all b ∈ (0, b0]
F 2nm
2−b
n n
2(r−1)+br4−2b
DVn
+
(
βn(mn)
)bF 2nn2r
DVn
→ 0. (6)
Then the moments and distribution function of the random variable V ∗n con-
verge to the moments and distribution function of the standard normal law.
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We consider a special case in which the absolute regularity coefficient (2)
decreases faster than any degree of t for t→∞.
Theorem 4. Let (Xn,t)
∞
t=1 for every n = 1, 2, . . . be a strictly stationary
sequence of real random variables satisfying the absolute regularity condi-
tion (2). Let the number Fn be fixed starting at some value of n, n → ∞,
and the joint distribution of the random variables Xn,1, . . . , Xn,n and the mea-
surable function |fn;j1,...,jr | < Fn vary so that
βn(t) ≤ t−h(t), DUn ≥ Cn2(r−1)+κ, C,κ > 0,
where the positive function h(t) → ∞ for t → ∞. Then the moments and
distribution function of the random variable U∗n converge to the moments and
distribution function of the standard normal law.
Theorem 5. Let (Xn,t)
∞
t=1 for every n = 1, 2, . . . be a strictly stationary
sequence of real random variables satisfying the absolute regularity condi-
tion (2). Let the number Fn be fixed starting at some value of n, n → ∞,
and the joint distribution of the random variables Xn,1, . . . , Xn,n and the mea-
surable function |fn;j1,...,jr | < Fn vary so that
βn(t) ≤ t−h(t), DVn ≥ Cn2(r−1)+κ , C,κ > 0,
where the positive function h(t) → ∞ for t → ∞. Then the moments and
distribution function of the random variable V ∗n converge to the moments and
distribution function of the standard normal law.
2 On the Method of Proving of Limit Theorems
In 1988, Svante Janson [22] proposed a simple technique for deriving suffi-
cient conditions for the asymptotic normality of bounded random variables
Y1, . . . , YT with a joint distribution described by the dependency graph. Only
one vertex in the dependency graph corresponds to each random variable Yi,
and these vertices are connected by a set of edges. The following condition
is satisfied:
if V1 and V2 are two disjoint subsets of graph vertices such that no edge
of the graph has one endpoint in V1 and the other in V2, then the sets of
random variables {Yi, i ∈ V1} and {Yi, i ∈ V2} are independent.
In [23], this approach was presented more generally and was subsequently
used in numerous research studies devoted to the study of asymptotic distri-
butions of functionals depending on a sequence of independent random vari-
ables ([4, 5, 10, 11]). Finally, in 2015, M. Tikhomirova and V. Chistyakov [24]
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proposed a modification of the method [22] and [23] which is applicable to
the families of random variables with a complete dependency graph, but the
majority of dependencies between the variables are weak.
Remark 1. A year after [24], the paper [27] appeared on the site arXiv.org
and was devoted to transferring the approach by [22] and [23] to the case
in which the dependency graph is a complete graph, but the majority of de-
pendencies are weak. In [27], the joint distribution of a set of quantities is
described by a weighted dependency graph in which each edge is assigned a
numerical characteristic (weight), which describes the degree of dependence
between adjacent variables in a certain way. The form of asymptotic nor-
mality conditions in [27] resembles similar conditions of [23], but the values
included in the conditions are now determined by the weighted dependency
graph. The results of applying the conditions by [27] to specific problems are
presented in [27] and [28].
We present the main result of M. Tikhomirova and V. Chistyakov [24]. We
assume that the joint distribution of the variables Y1, . . . , YT , |Yi| ≤ F <∞,
is determined by the characterizing graph Γ . This is an undirected graph
with the set of vertices V = {1, . . . , T} and the following properties:
1) if the random variables Yi and Yj are dependent, then the vertices i
and j are connected by an edge (in particular, the graph Γ contains loops at
all vertices);
2) for any natural number R, any subset V ′ ⊂ V , |V ′| ≤ R, and any of
its partition {V1,V2} (i.e., V1∩V2 = ∅, V1∪V2 = V ′) such that there are no
edges connecting vertices from V1 with vertices from V2, there is a number
γR ∈ (0, 1) such that∣∣∣∣∣E
(∏
t∈V ′
Yt
)
−E
(∏
t∈V1
Yt
)
E
(∏
t∈V2
Yt
)∣∣∣∣∣ ≤ γRF |V ′|. (7)
For any subset V ′ ⊂ V , we define its set of strong dependencies L(V ′) as
the set of those vertices of Γ that are connected by the edges with vertices
from the set V ′. Let F(V ′) = σ{Yt, t ∈ V ′} be σ-algebra generated by the
random variables {Yt, t ∈ V ′}, M =
∑T
t=1 E|Yt|, and
QR = max
V ′⊂V :|V ′|≤R
∑
t∈L(V ′)
E
(|Yt|∣∣F(V ′)) , R = 1, 2, . . . . (8)
We put
ST =
T∑
t=1
Yt, S
∗
T = (ST −EST )/
√
DST .
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We suppose that the joint distribution of the random variables Y1, . . . , YT
depends on the natural number n assumed as a parameter. All characteristics
mentioned above also depend on n: T = Tn, F = Fn, γR = γR,n, M = Mn,
QR = QR,n, etc.
Theorem 6 (Theorem 1 from [24]). For n → ∞, let the numbers Tn →
∞, the joint distribution of the random variables Y1, . . . , YTn, and the other
parameters marked by index n vary so that b0 ∈ (0, 2/3] exists such that for
all b ∈ (0, b0] and any natural number R
M bn(QR,n)
2−b
DSTn
+ γbR,n
(FnTn)
2
DSTn
→ 0. (9)
Then the moments and distribution function of the random variable S∗Tn con-
verge to the moments and distribution function of the standard normal law.
3 Proofs of Theorems 2 and 4 for U-statistics
The number of summands wn(j1, . . . , jr) = fn;j1,...,jr(Xn,j1, . . . , Xn,jr) in (3)
is Tn = C
r
n (we recall that C
r
n denotes Binomial coefficient). We construct
a characterizing graph for the family of random variables wn(j1, . . . , jr) as
follows. We define some positive integer number m and denote the charac-
terizing graph by Γn,m.
Each variable wn(j1, . . . , jr) is one-to-one assigned to the vertex α =
(j1, . . . , jr) in the graph Γn,m. We denote the set of vertices by V (Γn,m). The
total number of vertices in the graph Γn,m is Tn = C
r
n.
The set of edges is defined as follows:
1) the graph Γn,m contains the loop at every vertex;
2) the vertices α = (j1, . . . , jr) and α˜ = (j˜1, . . . , j˜r), α, α˜ ∈ V (Γn,m), α 6=
α˜, are connected by the edge from Γn,m if and only if at least one of inequal-
ities holds:
|jk − j˜l| ≤ m, k, l = 1, . . . , r. (10)
We show that Γn,m satisfies the property (7).
Lemma 1. For every n, let (Xn,t)
∞
t=1 be a strictly stationary sequence of real
random variables satisfying the absolute regularity condition (2). Then for
any set V ′ ⊆ V (Γn,m) and its partitions V1∪V2 = V ′ such that V1∩V2 = ∅,
where there are no edges with one endpoint in V1 and the other endpoint
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in V2, ∣∣∣∣∣E
(∏
α∈V ′
fn;j1,...,jr(Xn,j1, . . . , Xn,jr)
)
−
− E
(∏
α∈V1
fn;j1,...,jr(Xn,j1, . . . , Xn,jr)
)
E
(∏
α∈V2
fn;j1,...,jr(Xn,j1, . . . , Xn,jr)
)∣∣∣∣∣ ≤
≤ 8|V ′|F |V ′|n βn(m). (11)
The inequality (11) shows that the condition (7) is satisfied for the graph
Γn,m for every n and
γR = γR,n,m = 8Rβn(m). (12)
We need the following statement to derive Lemma 1.
Let I = (i1, . . . , i|I|), 1 ≤ i1 < . . . < i|I| ≤ n, and I ′ = (i′1, . . . , i′|I′|),
1 ≤ i′1 < . . . < i′|I′| ≤ n, be the sets of natural numbers, and g1 and g2 be
measurable functions of |I| and |I ′| real variables, respectively.
Lemma 2. Let the strictly stationary sequence of random variables (Xt)
∞
t=1
satisfy the absolute regularity condition (2) with the coefficient β(m),
|g1(Xi; i ∈ I)| ≤ F ′, |g2(Xi′; i′ ∈ I ′)| ≤ F ′′, and
min
i∈I, i′∈I′
{|i− i′| > m}. (13)
Then∣∣E{g1(Xi; i ∈ I)g2(Xi′ ; i′ ∈ I ′)}− Eg1(Xi; i ∈ I)Eg2(Xi′; i′ ∈ I ′)∣∣ ≤
≤ 8(|I|+ |I ′|)F ′F ′′β(m). (14)
Proof of Lemma 2. The sets I and I ′ can be one-to-one split into disjoint
subsets I = I1 ∪ . . .∪ Is1 and I ′ = I ′1 ∪ . . . ∪ I ′s2 , where 1 ≤ s1, s2 ≤ |I|+ |I ′|,
|s1 − s2| ∈ {0, 1}, satisfying one of the following two conditions:
max
i′∈I′
k
i′ < min
i∈Ik
i, max
i∈Ik
i < min
i′∈I′
k+1
i′, k = 1, . . . ,max{s1, s2} − 1, (15)
max
i∈Ik
i < min
i′∈I′
k
i′, max
i′∈I′
k
i′ < min
i∈Ik+1
i, k = 1, . . . ,max{s1, s2} − 1. (16)
We put
X(Ik) = (Xi; i ∈ Ik) , k = 1, . . . , s1,
X(I ′k) = (Xi′ ; i
′ ∈ I ′k), k = 1, . . . , s2.
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Then, we can write
g1(Xi; i ∈ I) = g1 (X(I1), . . . , X(Is1)) ,
g2(Xi′; i
′ ∈ I ′) = g2
(
X(I ′1), . . . , X(I
′
s2)
)
.
According to the order (15), (16), we denote Ik and I
′
k by combined no-
tation Hk. In the first case H1 = I
′
1, H2 = I1, H3 = I
′
2, . . ., and in the
second case H1 = I1, H2 = I
′
1, H3 = I2, . . . . Therefore, we use the notation
X(Hk) = (Xi; i ∈ Hk), k = 1, . . . , s1+s2. It follows from the definitions that
min
i∈Hk+1
i−max
i∈Hk
i > m, k = 1, . . . , s1 + s2 − 1. (17)
Let X˜(Ik), X˜(I
′
k), X˜(Hk) be mutually independent copies of the random
variables X(Ik), k = 1, . . . , s1, X(I
′
k), k = 1, . . . , s2, X(Hk), k = 1, . . . , s1 +
s2.
We use the notation
h(xi; i ∈ I ∪ I ′) = g1(xi; i ∈ I)g2(xi′ ; i′ ∈ I ′) (18)
and
hσ(xi; i ∈ I ∪ I ′) = h(xσi ; i ∈ I ∪ I ′), (19)
where σ = (σ1, . . . , σs1+s2) is a permutation of the numbers 1, 2, . . . , s1 + s2
such that
h(Xi : i ∈ I ∪ I ′) = hσ
(
X(H1), . . . , X(Hs1+s2)
)
. (20)
We use one result of K. Yoshihara (see [13], Lemma 1). It refers to a more
general case and, in particular, instead of the boundedness of the function h,
it requires the property E|h(xi; i ∈ I ∪ I ′)|1+δ ≤ Bδ <∞ for some δ > 0.
In our case, Bδ ≤ (F ′F ′′)1+δ < ∞ for every δ > 0. Thus, Yoshihara’s
lemma gives that ∣∣Ehσ(X(H1), X(H2), . . . , X(Hs1+s2))−
−Ehσ
(
X˜(H1), X(H2), . . . , X(Hs1+s2)
)∣∣ ≤
≤ inf
δ>0
{
4B
1/(1+δ)
δ (β(m))
δ/(1+δ)
}
≤ 4F ′F ′′β(m).
Analogously, we derive the inequality∣∣Ehσ(x(H1), X(H2), X(H3), . . . , X(Hs1+s2))−
−Ehσ
(
x(H1), X˜(H2), X(H3), . . . , X(Hs1+s2)
)∣∣ ≤ 4F ′F ′′β(m).
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for the function hσ
(
x(H1), X(H2), X(H3), . . . , X(Hs1+s2)
)
, where x(H1) =
(xi; i ∈ H1). It follows that∣∣Ehσ(X˜(H1), X(H2), X(H3), . . . , X(Hs1+s2))−
−Ehσ
(
X˜(H1), X˜(H2), X(H3), . . . , X(Hs1+s2)
)∣∣ ≤ 4F ′F ′′β(m).
We carry out similar estimates for other differences. The last among them is∣∣Ehσ(X˜(H1), X˜(H2), . . . , X˜(Hs1+s2−1), X(Hs1+s2))−
−Ehσ
(
X˜(H1), X˜(H2), . . . , X˜(Hs1+s2−1), X˜(Hs1+s2)
)∣∣ ≤ 4F ′F ′′β(m).
Summarizing the obtained estimates and using the triangle inequality, we
obtain ∣∣Ehσ(X(H1), X(H2), . . . , X(Hs1+s2))−
−Ehσ
(
X˜(H1), X˜(H2), . . . , X˜(Hs1+s2)
)∣∣ ≤
≤ 4(s1 + s2)F ′F ′′β(m) = 4(|I|+ |I ′|)F ′F ′′β(m). (21)
It follows from (18), (19), (20), (21) that∣∣E{g1(X(I1), X(I2), . . . , X(Is1))g2(X(I ′1), X(I ′2), . . . , X(I ′s2))}−
−E{g1(X˜(I1), X˜(I2), . . . , X˜(Is1))g2(X˜(I ′1), X˜(I ′2), . . . , X˜(I ′s2))}∣∣ ≤
≤ 4(|I|+ |I ′|)F ′F ′′β(m). (22)
Analogously (21), we derive the inequalities∣∣∣Eg1(X(I1), . . . , X(Is1))− Eg1(X˜(I1), . . . , X˜(Is1))∣∣∣ ≤ 4|I|F ′β(m),∣∣∣Eg2(X(I ′1), . . . , X(I ′s2))− Eg2(X˜(I ′1), . . . , X˜(I ′s2))∣∣∣ ≤ 4|I ′|F ′′β(m).
It follows from these inequalities, the inequalities
E
∣∣g1(X(I1), . . . , X(Is1))∣∣ ≤ F ′, E∣∣g2(X˜(I ′1), . . . , X˜(I ′s2))∣∣ ≤ F ′′
and the triangle inequality that∣∣∣Eg1(X(I1), . . . , X(Is1))Eg2(X(I ′1), . . . , X(I ′s2))−
−Eg1
(
X˜(I1), . . . , X˜(Is1)
)
Eg2
(
X˜(I ′1), . . . , X˜(I
′
s2
)
)∣∣∣ ≤
≤ E∣∣g1(X(I1), . . . , X(Is1))∣∣∣∣∣Eg2(X(I ′1), . . . , X(I ′s2))−Eg2(X˜(I ′1), . . . , X˜(I ′s2))∣∣∣+
+E
∣∣g2(X˜(I ′1), . . . , X˜(I ′s2))∣∣∣∣∣Eg1(X(I1), . . . , X(Is1))− Eg1(X˜(I1), . . . , X˜(Is1))∣∣∣ ≤
≤ 4(|I|+ |I ′|)F ′F ′′β(m). (23)
The formulas (22), (23) and the triangle inequality give (14).
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Proof of Lemma 1. Lemma 1 is immediate from Lemma 2, if we consider that
|fn;j1,...,jr(x1, . . . , xr)| ≤ Fn and |I|+ |I ′| ≤ |V ′|. Thus, (14) leads to (11).
Proof of Theorem 2. We estimate the quantities in the condition (9) for our
case. We begin with
QR,n,m = max
V ′⊂V (Γn,m):|V ′|≤R
∑
α˜∈L(V ′)
E
(|wn(α˜)|∣∣σ{wn(α), α ∈ V ′}) , (24)
where we recall wn(α) = fn(Xn,j1, . . . , Xn,jr).
The set of strong dependencies L(α) = Ln,m(α) for the vertex α =
(j1, . . . , jr) in the graph Γn,m is the set of vertices α˜ = (j˜1, . . . , j˜r) ∈ V (Γn,m)
for which at least one of the inequalities (10) holds. The number of the
elements of this set satisfies the inequality
|L(α)| ≤ r2(2m+ 1)Cr−1n . (25)
The set of strong dependencies L(V ′) = Ln,m(V ′) for the set V ′ ⊂ V (Γn,m)
is given by the formula
L(V ′) =
⋃
α∈V ′
L(V ′)
and satisfies the inequality
|L(V ′)| ≤ r2|V ′|(2m+ 1)Cr−1n . (26)
From formulas (26), |fn(x, y)| ≤ Fn and (24), we have
QR,n,m ≤ r2RFn(2m+ 1)Cr−1n . (27)
We note that, in the case under consideration,
Mn =
∑
1≤j1<...<jr≤n
E|fn;j1,...,jr(Xn,j1, . . . , Xn,jr)| ≤ FnCrn. (28)
The use of (11), (27), (28), equality (12), and the above cited Theorem 1
from [24] leads to the following condition of the asymptotic normality for Un
in the triangular array scheme: for every natural number R and all b ≤ 2/3
F 2nm
2−b
n n
2(r−1)+br4−2b
DUn
+
(
βn(mn)
)bF 2nn2r
DUn
→ 0.
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Proof of Theorem 4. Let the number Fn be independent of n, βn(m) ≤
m−h(m), where h(m) → ∞ (m → ∞), and DUn ≥ Cn2(r−1)+κ, where
C,κ > 0. In this case (5) follows from the formula:
m2−bn n
b−κ +m−h(mn)bn n
2(r−1)−κ → 0. (29)
Let us examine this. We put
mn =
[
n(κ−b0)/4
]
, 0 < b0 < min {2/3,κ} ,
then, the expression in the left side (29) for 0 < b ≤ b0 and n → ∞ can be
estimated by O
(
n(b0−κ)/2
)→ 0.
4 Remarks About Proofs of Theorems 3 and 5
for V -Statistics
The proofs of Theorems 2 and 4 for V -statistics are completely the same,
with the only difference that the graph Γn,m contains n
r vertices, and in
the formulas (25), (26), (27), and (28) the binomial coefficients Csn must be
replaced by ns, s = r − 1, r. The indicated replacement does not affect the
form of the condition (5).
For example, consider the formula (25). Number of elements α˜ =
(j˜1, . . . , j˜r) : j˜1, . . . , j˜r = 1, . . . , n, for which at least one of the inequali-
ties (10) holds, can be estimated as follows. First, we select the indices k
and l, there are 2m+ 1 elements satisfying (10) for each such pair, and the
rest of the elements can be any. Thus,
|L(α)| ≤ r2(2m+ 1)nr−1.
The remaining calculations are carried out similarly.
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